Central Density Dependent Anisotropic Compact Stars 
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Stars can be treated as self-gravitating fluid. In this connection, we propose a model for an 
anisotropic star under the relativistic framework of Krori-Barua [l| spacetime. It is shown that 
the solutions are regular and singularity free. The uniqueness of the model is that interior physical 
properties of the star solely depend on the central density of the matter distribution. 
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I. INTRODUCTION 

Late time evolution of stars due to strong gravity have 
been an interesting investigating field in astrophysics 
which let us know, via several physical processes, fea- 
tures of diverse characters of gravitating objects. So we 
actually come across a paradigm shift from the stage of 
normal stars to compact stars, ranging from dwarf stars 
to neutron stars, quark stars, dark stars, gravastars and 
eventually black holes. However, in the present study 
we are specifically interested for compact starnge stars 
category. 

In connection to compact stars it have been shown 
by several workers that the Krori and Barua [l[ 

(henceforth KB) spacetime provides an effective plat- 
form for modelling quark and strange type compact stars. 
Some of the interesting works to be mentioned with KB 
metric have been carried out by Rahaman et al. [2] 
for singularity-free dark energy stars which represents 
an anisotropic compact steller configuration with 8 km 
radius whereas the same KB spacetime with MIT Bag 
model was considered by Rahaman et al. [|[ to de- 
scribe ultra-compact object like strange star with radius 
of 8.26 km. Kalam et al. [6{ also proposed a model 
for strange quark stars within the framework of MIT 
Bag model. This model clearly indicates that the Bag 
constant need not necessarily lie within the range of 
60 — 80 MeV/ fm 3 as claimed in the literature. 
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In the present work, we propose a model for an 
anisotropic compact star where it is assumed that the 
radial pressure exerted on the system is proportional to 
the matter density. The stellar configuration, therefore, 
comprises of two fluids - an ordinary baryonic matter to- 
gether with an yet unknown form of matter (i.e. dark 
energy of Einstein-type varying cosmological constant) 
which is repulsive in nature. These two fluids are as- 
sumed to be non-interacting amongst themselves with 
the radial and transverse directional anisotropic prop- 
erty such that p r ^ p t [2]. In favour of anisotropy we 
would like to point out that for fluid configuration this 
is not only natural but also obvious general option for 
describing relativistic compact stellar objects [7| (also 
sec 8] for a review). Recent observational evidences on 
highly compact astrophysical objects like X-ray pulsar 
HerX - 1, X-ray buster 4C/1820 - 30, millisecond pul- 
sar SAXJ1808A- 3658, X-ray sources 4J71728- 34 etc. 
strongly favour an anisotropic pressure distributions in 
the case of an ultra-compact object. The mechanism at 
the microscopic level, though not yet well understood, 
may be related to variety of reasons such as the existence 
of type III A superfluid, mixture of two fluids, phase 
transition, pion condensation, bosonic composition, ro- 
tation, magnetic field etc. 

As mentioned above that basically we have considered 
here a two fluids model for compact star with A-dark en- 
ergy as one of the ingradients. This consideration has 
been motivated by the recent observations on the accel- 
erated expansion of the universe. It is argued that about 
73% of the energy content of the universe is of g ravi- 
tationally repulsive in nature (dark energy) 0, 1 1 Oj ] . As 
a result, cosmological models based on dark energy re- 
ceived much attention in the recent past either in the 
form of a non-zero cosmological constant (present value, 
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A ~ 1.1 x 10 cm [11|) or in some other exotic forms 
of matter. However, in the astrophysical realm dark en- 
ergy may have implications not only with a pure cos- 
mological constant 



12l-fl5| but also a varying cosmolog- 



ical constant |16l - ll9l |. It has essentially been speculated 
that within a very massive dense star and/or galaxy a 
constant A may have substantial effect and in the case 
of a space varying A vary strengthwise from centre to 
boundary and decreases to extremly small non-zero value 
(A ~ 10~ 56 cm~ 2 ) outside the system. In this connection 
we quote from Bambi [2(| as he argues that "The cosmo- 
logical constant problem represents an evident tension 
between our present description of gravity and particle 
physics. Many solutions have been proposed, but experi- 
mental tests are always difficult or impossible to perform 
and the present phenomenological investigations focus 
only on possible relations with the dark energy, that is 
with the accelerating expansion rate of the contemporary 
universe. ... strange stars, if they exist, could represent 
an interesting laboratory to investigate this puzzle, since 
their equilibrium configuration is partially determined by 
the QCD vacuum energy density" . 

We would like to mention here the very recent work of 
Hossein et al. [H] where the authors have assumed cosmo- 
logical constant with radial dependence i.e. A = A(r) 
to describe non-singular model for anisotropic compact 
stars under the KB spacetime. In the present work we 
are essentially following the same root however with a 
quite different motivation. Our sole aim here is to find 
out a set of exact solution which is completely free from 
singularity (at r — 0) and all the parameters involved in 
the solutions depend only on the central density (po) of 
the stellar interior. This then facilitates one to explore 
different physical parameters from a single parameter po- 

The plan of the present paper is as follows: In Sec II 
we have provided the basic equations in connection to 
the proposed model for strange star. Sec. Ill is dealt 
for finding out a class of exact solution for the steller 
interior of KB metric. Stability of the model is shown in 
Sec. IV whereas mass-radius relation and hence redshift 
calculation are done in Sec. V. Some concluding remarks 
are made in Sec. VI. 



where p, p r and p t correspond to respectively the energy 
density, radial pressure and transverse pressure of the 
baryonic matter. 

The Einstein field equations in the presence of A can 
as usual be written as 



Gu + A 9ij = -8irGT t 



ij ■■ 



(3) 



where the erstwhile cosmological constant A is assumed 
to be space-dependent so that A(r) = A r (say). Here 
G = c = 1 under geometrized relativistic units. 



III. INTERIOR STRUCTURE 

In this model we propose that the radial pressure of a 
star is proportional to the matter density in the following 
form 



1 + x 



P, 



(4) 



where x is any '+ve' real with the equation of state pa- 
rameter oj(t) — x/(l + x). Here the choice is to ensure 
that < uj(r) < 1. 

By plugging the above expression for p r of Eq. Q into 
the Eq. we get 



= (l + x)(A + B) Ar , 
9 4tt(1 + 2x) 6 

x(A + B) _ Ar 2 



4tt(1 + 2x) 



Pi 



8tt(1 + 2x) 1 



'(l + 2x)(B 2 - AB)r 2 



A r = 



+(2Bx - A) 
2(Au r — B) — 



(l + 2x). 
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1 + LO r 



-Ar" 



1 + LU r 



(5) 
(6) 

(7) 
(8) 



Therefore, the equation of state parameters corre- 
sponding to the radial and transverse directions can be 
provided as 



II. BASIC FORMULATIONS 



Lo r (r) 



l + x' 



(9) 



To describe the spacetime of a compact stellar config- 
uration, we consider the metric of KB [1] as given by 

ds 2 = -e u{r) dt 2 + e Mr) dr 2 + r 2 (d9 2 + sin 2 6d(j) 2 ), (1) 

with A(r) = Ar 2 and v(r) = Br 2 + C. Here A, B and 
C are arbitrary constants to be determined on physical 
grounds. 

We further assume that the energy-momentum tensor 
for the strange matter filling the interior of the star may 
be expressed in the following standard form as 



Tij = diag(p, -p r , -p t , -p t ), 



(2) 



w t (r) 
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[{B 2 - AB)r 2 (l + 2x) 



2(1 + x)(A + B) 

1 + 2.T e Ar \l + 2x) 



(2Bx- A) + A- 



(10) 



The measure of anisotropy, A = [pt~Pr)t m this 
model is obtained from the Eqs. © and ([7]) as follows: 
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(11) 
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To find out the expressions for the constants A and 
B of the KB model we match the interior metric to the 
exterior of the Schwarzschild solution 



ds 2 



2M 



dt 2 



r J 
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r 2 (d9 



2M 
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2/ Jfl2 



dr 2 



'')■ (12) 



Then assuming the boundary conditions smoothly on 
the surface of the stellar configuration at r = R =radius 
of the star, we get 



A = 
B = 



3 
1 

2R 2 



- 1 



At the center r = 0, the density {7) becomes 
(l + x){A + B) 



Po = 



4tt(1 + 2x) 



(13) 
(14) 

(15) 



Therefore, from the Eq. (IT51) . after substituting uj r (r), 
A and B from the Eqs. ([TO]). (fH)) and ([HI), we get 



u) r (r) 



1 



STrpoR 2 



- 1 



(16) 



This result immediately implies that the radial equa- 
tion of state parameter of a particular star completely 
depends on the central density only. It will then be con- 
venient to rewrite the whole set of physical parameters 
from Eqs. (|5]l - ([7]) in terms of this central density as 
follows: 



Poe 
1 



(17) 



8nR 2 
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A(8tt Po 



A-B) 



2B(A + B- Att Po ) 

A + B 
1 , 1 



2(A + B) 



8vrr 2 



(19) 



where A and B are already shown to be dependent on 
the central density as obvious from the Eqs. (fl3"|) and 
©. 

From the above set of solution we observe the following 
two important features: 

(1) Since the central density, po ; being a non-zero con- 
stant quantity, all the physical parameters, viz. the mat- 
ter density, radial pressure and transverse pressure of the 
star under consideration is entirely free from any singu- 
larity at r = 0. 

(2) At any distance from the center all the physical 
parameters completely depend only on the central den- 
sity. In a similar way this also implies that the measure 
of anisotropy (A) and equation of state parameters (u>t 
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FIG. 1: Density comparison of different star radii where p l 
indicate the density of the star of %' km radius. 



p[r](l/kmA2) 




48 rho[0](l/kmA2) 



10 /on, 



FIG. 2: Pressure variation at the stellar interior. 



and ujt) are central density dependent. Therefore, we can 
conclude taht at any distance from the center of the star, 
these are exactly measurable once we know the central 
density alone. 

These results are shown graphically in the Figs. 1 and 
2. One can see that at r = 0, the density becoms the 
central density po itself. We see here that the central 
density of the star is low for comparatively bigger stars. 
Fig. 2 and 3 specially indicates that the present model 
is of compact strange star with radius about 10 km. On 
the other hand the measure of anisotropy are plotted in 
the Figs. 3 and 4 to show the variation with respect to 
the central density. From these figures we can say that 
if the central density of the star becomes < 0.0068 km~ 2 
then there should be no anisotropic behaviour within the 
stellar structure. 
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(21) 



We plot the radial and transverse sound speeds in Fig. 
5 and observe that these parameters satisfy the inequal- 
ities < uf r < 1 and < v^ t < 1 everywhere within the 
stellar object. 
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FIG. 3: A 1 variation with respect to central density at the 
stellar interior for different star radii where A 1 indicate the 
anisotropy of the star of l i' km radius. 
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FIG. 4: A variation with respect to central density at the 
stellar interior 



FIG. 5: Sound speed variation of the stars. 




IV. STABILITY 



For a physically acceptable model, one expects that the 
velocity of sound should be within the range < v% — 
(^) < 1 d, [HI- In our anisotropic model, we define 
sound speeds as 

V 2 sr = u r (r) - -4-, (20) 



FIG. 6: Sound speed variation of the stars with radii > 5 km. 
Eqs. (HOJ) and ([2T|) lead to 
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FIG. 7: Sound speed variation of the stars with radii < 5 km. 



1) 



2A(A + B) 



A(B - AB)r - [(B 2 - AB) 



A 2 - Auj r (2B + A)\ A 1 
(uj r + 1) 



(22) 



< 1. Since, 
-vl l< 1. 



From the Eq. ([22]) we note that \v 2 t - 
< v 2 r < 1 and < v 2 t < I, therefore, 

Now, to examine the stability of local anisotropic mat- 
ter distribution, we use Herrera's 0] cracking (also known 
as overturning) concept which states that the region for 
which radial speed of sound is greater than the transverse 
speed of sound is a potentially stable region. In our case, 
Fig. 6 indicates that there is no change of sign for the 
term v 2 t — v 2 r within the specific region of the configura- 
tion. This implies that the KB-type strange star model 
is a stable one if the radius of the star is > 5 km. From 
the Fig. 7 it is evident that if radius of a star is < 5 km 
then the central density should be > 68 x 10~ 4 kmT 2 
[approx] to be stable according to our proposed model. 



metric perfect fluid star, Buchdahl [22j showed that 
the maximally allowable mass-radius ratio is given by 
^ I (f° r a more generalized expression for the same 
seeRef. [H). 

Now we write the compactness of the star in the fol- 
lowing form: 



M 

U= ~R 
(A + B) 



AR{uj r + 1)A% 



2Re- AR2 Ai + erf(VAR)A](23) 



SURFACE REDSHIFT 



In this section, we study the maximum allowable mass- 
radius ratio in our model. For a static spherically sym- 



The surface redshift (Z s ) corresponding to the above 
compactness factor (u) is obtained as 



Z s = [l-2u]-? -1 

(A + B 
2R(u r + l)A 



[2Re- AR Ai + sft erf(VAR)AJ 



1. 



(24) 



It is clear from the above expression that redshift is dependent on po and also it is well behaved (Fig 8). 
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FIG. 8: Redshift variation at the stellar interior. 



uration. Thus if we know the mass-radius ratio then all 
the interior features of a star can be exactly evaluated at 
any position of the interior of that star. 

Further it may be observed that if we know the central 
density and radius of a star then assuming the spherical 
structure we can say that matter distribution follow a 
regular behavioural pattern whatever the size of a star 
may be. We also show that the central density is propor- 
toinately low for bigger star. 

As a final comment, following the introductory discus- 
sion regarding inclusion of cosmological constant in the 
source term of Einstein field equations as one of the can- 
didates of dark energy, we argue that "Strange stars, if 
they exist, can play an important role in the solution to 
the cosmological constant problem" [2(| ■ 



VI. CONCLUSION 

Keeping in mind that stars can be treated as self- 
gravitating fluid we have proposed a very simple and 
unique model for an anisotropic star. The spacetime here 
is of KB-type [l[ which is supposed to present compact 
strange stars solutions 0-Q . It is shown through the so- 
lution set that (1) the central density po being a non-zero 
constant quantity the star is non-singular at r — 0, and 
(2) interior physical properties of a compact star solely 
depend on the central density of the stable steller config- 



Acknowledgments 

MK, FR and SR gratefully acknowledge support from 
IUCAA, Pune, India under Visiting Associateship Pro- 
gramme under which a part of this work was carried out. 
SMH is also thankful to IUCAA for giving him an op- 
portunity to visit IUCAA where a part of this work was 
carried out. FR is personally thankful to PURSE, DST 
and UGC for providing financial support. 



[1] K.D. Krori and J. Barua, J. Phys. A.: Math. Gen. 8, 508 
(1975). 

[2] F. Rahaman et al, Gen. Relativ. Gravit. 44, 107 (2012). 
[3] F. Rahaman et al, Euro. Phys. J. C 72, 2071 (2012). 
[4] M. Kalam et al., Euro. Phys. J. C 72, 2248 (2012). 
[5] Sk. M. Hossein et al, Int. J. Mod. Phys. D 21, 1250088 
(2012). 

[6] M. Kalam et al, arXiv: gr-qc/1205.6795. 
[7] R.L. Bowers and E.P.T. Liang, Astrophys. J. 188 657 
(1974). 

[8] L. Herrera, Phys. Lett. A 165 206 (1992). 
[9] S. Perlmutter et al, Nature 391, 51 (1998). 
[10] A.G. Riess et al, Astrophys. J. 607, 665 (2004). 
[11] R.R. Caldwell, M. Kamionkowski, Annu. Rev. Nucl. 

Part. Sci. 59, 397 (2009). 
[12] J.V. Narlikar, J.-C. Pecker and J.-P. Vigier, J. Astrophys. 

Astron. 12, 7 (1991). 
[13] X. Chen and Y.-J. Wang, Chin. Phys. Lett. 26, 070402 



(2009) . 

[14] CM. Zubairi, M.Sc. thesis, San Diego State University, 

(2010) . 

[15] Z. Stuchlik, J. Hladik, M. Urbanec and G. Torok, Gen. 

Relativ. Gravit. 44, 1393 (2012). 
[16] M.K. Mak and T. Harko, Mod. Phys. Lett. A 15, 2153 

(2000). 

[17] I. Dymnikova, Class. Quantum. Gravit. 19, 725 (2002). 

[18] E. Egeland, Compact Star, Trondheim, Norway (2007). 

[19] V.V. Burdyuzha, Astronomy Reports 53, 381 (2009). 

[20] C. Bambi, J. Cosmol. Astropart. Phys. 06, 006 (2007). 

[21] H. Abreu, H. Hernandez and L. A. Nunez, Class. Quan- 
tum Gravit. 24, 4631 (2007). 

[22] H.A. Buchdahl, Phys. Rev. 116, 1027 (1959). 

[23] M.K. MaK, P.N. Dobson and T. Harco, Europhys. Lett. 
55, 310 (2001). 



